Estimates for fractional integral operator and its commutators 


on grand p-adic Herz-Morrey spaces 


Jianglong Wu! and Yunpeng Chang!* 
! Department of Mathematics, Mudanjiang Normal University, Mudanjiang, 157011, China 


Abstract: In this article, the main aim is to introduce the grand variable Herz space over 
the p-adic fields and demonstrate the boundedness for fractional integral operator, fractional 
maximal operator in the context of the grand p-adic version of Herz-Morrey spaces with 
variable exponent, as well as the Lipschitz estimates for the commutators of fractional integral 
operator, fractional maximal operator, and sharp maximal function on the grand p-adic 


version of Herz-Morrey spaces with variable exponent. 


Keywords: p-adic field; fractional integral operator; grand space; variable exponent Herz- 


Morrey space; commutator 


AMS(2020) Subject Classification: 26A33, 11E95, 42B35, 11880, 45P05 


1 Introduction and main resulats 


In the previous decades, the development of p-adic analysis is becoming more and more rapid 
and rich, which depends on its powerful applications. Among them, the application in physics 
focuses on the theory of p-adic strings and complex disordered systems-spin glasses, and quan- 
tum mechanics |1, 2, 19]. Besides, it also has substantial important applications in biology and 
geology, exactly speaking, mathematical methods on p-adic analysis can ofen reveal some bio- 
logical phenomena [4, 11], and the theory of p-adic analysis can also deal with fractal problem 
in geology [6, 7]. 

We now first introduce some fundamental notions on p-adic field. Let Z be the field of 
integer. For a fixed prime number p, the p-adic field Q,, which originally given by K. Hensel 
in 1897, is composed of the rational numbers field Q with respect to non-Archimedean p-adic 
absolute value: let x = p’?, where x € Q and y € Z, a and b are non-zero integers which are 
not divisible by p, the p-adic absolute value is |x|, = p~7. 

It is well known that the non- Archimedean p-adic absolute value has many properties similar 


to the Archimedean absolute value, for instance, positive definiteness, product properties and 
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non-Archimedean p-adic absolute value inequality. Exactly speaking, these properties are shown 

as follows. 

(1) |x|, > 0. Specially, |x|, = 0 if and only if z = 0; 

(2) |xylp = |vlplulp: 

(3) |a+y|p € maxt|xl», |y|p}. If |x|p A |y|p. then the equality holds and the converse is also true. 
Combining Properties (1) and (3), we also obtain the same triangle inequality as Archimedean 

absolute value, namely, |x + y|p € |ælp + |y|p. 


From the standard p-adic analysis, nonzero p-adic number z can be written as: 


oo 
x — p'(ao tarp t+ agp? +: ) =p X ap, aj =0,---,p—1, 
j=0 
where |x|, = p^? when a, Æ 0. Naturally, the above p-adic number x converges. 

In the next time, we need to further consider the n-dimensional p-adic linear space Q%, 
when n = 1, this case is shown in the description above. For any n-dimensional vector « = 
(%1,%2,°,°,°,Un), where z; € Qp (i = 1,...,n), then the following p-adic absolute value is given 
by 


rl = mex [z;lp. 


Finally, the p-adic ball is denoted by 
B4(a) = {x €Q5 :|x — al; < p*j, 


where the center of p-adic ball a € Q; and radius p” with y € Z. The p-adic corresponding 
sphere is denoted by 


S,(a) = {x € Q5 : | — al; = p*J = By(a) \ B4-1(a). 


Specially, if a,y = 0, then the Bo(0) and So(0) are called the p-adic unit ball and p-adic unit 
sphere, respectively. 

Moreover, when a = 0, we usually omit the center of p-adic ball and sphere. From the 
definition of p-adic ball and sphere, we observe a relation between them, exactly speaking, 
By (a) = Upey Sr(a) and Q5 \ {0} = U ez $y. For any ao € Q5 and y € Z, it is not difficult to 


obtain the following equalities 
ag + By = B4(ag) and ag + Sy = Sy (ao) = By(ao) V B4 1(ao). 


For the sake of simplicity, we define the characteristic function Xk = Xs, = XB,\Br_1° 
Since Q% is a locally compact commutative group under addition, there exists Haar measure 


on Q?, it is easy to know that unique Haar measure dz on Q” (up to positive constant multiple 
p p 


are translation invariant (i.e., d(z +a) = dx). Then we integrate on p-adic unit ball firstly, such 
that 


dz = |Boln = 1, 
Bo 
where |Bo|p, is denoted by the Haar measure of p-adic unit ball. Generally speaking, for any 
a € Q; and y € Z, we have 


f dx = |B (a) |n ey 
By(a) 
and 
J, o E TISO = BI =P) = Bh - Baloh 
„(a 


For more details about the p-adic analysis, we refer readers to [18, 19] and references therein. 

It is well-known that the study of operator theory has caught a lot of attention due to many 
applications in partial differential equations and harmonic analysis, where the main concern is 
its boundedness in different spaces. In this article, the studies are oriented to the following 
p-adic fractional integral operator. 


Let 0 < a < n, we define the p-adic fractional integral operator as 


moy = [ 79 


Qg le = ylp ^ 


As a vast branch of harmonic analysis, the space of variable functions is a generalization of 
some classical function spaces, such as the variable exponent Lebesgue space is a generalization 
of the classical Lebesgue space, and the Herz-Morrey space is a generalization of the Herz space. 
On the one hand, Cortés and Rafeiro [8] introduced p-adic version of variable exponent Lebesgue 
spaces, and obtained many properties and application. The boundedness of the fractional inte- 
gral operator and fractional maximal operator was obtained in [10]. On the other hand, Sarfraz, 
Aslam, Zaman, and Jarad [13] obtained the estimates for fractional integral operator on the 
p-adic Herz-Morrey space. Recently, the grand function space with variable exponent have a 
positive development trend. In the Euclidean spaces, the boundedness of fractional integral op- 
erator on grand Herz-Morrey spaces was given in [14]. Sultan et al. [15] defined the grand p-adic 
Herz-Morrey spaces with variable exponent and obtained the boundedness of an intrinsic square 
function. Therefore, the study of p-adic grand Herz-Morrey spaces with variable exponent in 
p-adic linear spaces is quite a few, which look worthy of further investigations. 

Inspired by the aforementioned literature, the key consideration is p-adic fields Qp, in a few 


cases it can be also indicated that our work is motivated by the standard harmonic analysis 


on the Euclidean space. The purpose of this paper is to study the boundedness for fractional 
integral operator and fractional maximal operator in the context of the p-adic version of Herz- 
Morrey spaces with variable exponent, as well as the Lipschitz estimates for the commutators 
of fractional integral operator, fractional maximal operator and sharp maximal function on the 
grand p-adic version of Herz-Morrey spaces with variable exponent. 

Naturally we first need to consider the follwing result of boundedness of the fractional 


integral operator IZ on the p-adic vector spaces. 


Theorem 1.1 Let 1 € u < oo, 0< A « oo, 0 « a « n, for all n(-), aC), @(-) € 
«los (Qn), with m(-) € AQ), (a1). < n/a, and 1/qs(-) = 1/q(-) — a/n. If n(-) is satisfying 
the following conditions 

(1) A a n/a) < nC) «n/a C), 

(2) A+ a. —n/ai(oo) « n(-) cree ). 

Then J4 is bounded from MK} MS to wa gC PQH: 


Remark 1 For the results of the aforementioned case in Euclidean space, see [14]. 


On the one hand, when 7(-), q1(-), and q2(-) in theorem 1.1 are both constant exponent, this 


results are still new. 


Corollary 1.1 Let 1 <u «oo, 0«A «oo, 0<a<_n, for all qj, qo with 1 < qı < 
n/a and 1/q2 = 1/q1 —o/n. If a - A—n/qi € n < n/q;. Then I2 is bounded from MK? (Q5) 
to MET (Q7). 


For the case of A = 0 in the corollary 1.1, it reveals the boundedness of p-adic fractional 


integral operator on grand Herz spaces. 


Corollary 1.2 Let 1<u< œ, 0€ oa « n,, for all q1, q2 with " <q < n/a and 1/q = 
1/q — a/n. f a —n/qi < N< n/q,. Then I$ is bounded from kp i f(a) to K i), *(Q?). 


On the other hand, for the case of A = 0 in the theorem 1.1, the boundedness of the fractional 


integral operator on grand p-adic variable Herz space is obtained and it is even new. 


Corollary 1.3 Let 1 < u < oo, 0 < o < n, for all n), a), g(-) € € 8(Q^) with q(-) € 
F(W), (qm). < n/a, and 1/qo(-) = 1/qi(-) — a/n. If n(-) is satisfying the following conditions 

(1) o  n/qg(:) «€ nC) € n/qi(-), 

(2) a — n/a (oo) < n(-) < n/d; (co). 


p: 1(:),u),8 n(-), 
Then Ta is bounded from K6 (Q5) to RO 


"* (Qn). 
For the case of n(-) be a constant exponent, this result is also even new in p-adic vector 


space. 


Corollary 1.4 Let 1 € u < oo, 0 « a < n, for all m(-), q2() € «lee(Qn) with q1(-) € 
Z(Q5), (ai) < n/a, and 1/g»(-) = 1/q1(-) — a/n. If 7 is satisfying the following conditions 
(1) a n/a) € n « n/d), 
(2) a — n/a(oo) < n < n/qi (00). 
Then J? is bounded from KR m), ^ (Qn) to Ke u) Y^ (QD). 


Let 0 < a < n, we define the p-adic fractional maximal operator as 
Mgd))- sp — Old 
^ J B(x) 


where the supremum is taken over all p-adic balls B,(x) C Qp- 


Then the maximal commutator of MẸ with b is given by 


i 
MEPE) = sup re f, s PE — OOo 
162 |B (x), ^ JB 
where the supremum is taken over all p-adic balls B5(x) C Qj. 
Moreover, assume that b : Q; — R and f : Q; — R are measurable mappings, then the 


nonlinear commutators of fractional maximal operator can be defined as follows: 
[b, Ma] f (x) = b(z) MEC) (z) — ME OF) (z). 


If o, = 0, we have [b, M?] = [b, Mj] and M; = Mj. 
Inspired by Sobolev inequality, the boundedness of the following fractional maximal operator 


on the grand p-adic Herz-Morrey space with variable exponent is given. 


Theorem 1.2 Let 1 € u < wo, 0 € A « oo, 0 « a « n, for all n(-), aC), gC) € 
«los (Q7) with m(-) € (Q5), (am). < n/a, and 1/gq2() = 1/m(-) — a/n. If n(-) is satisfying 
the following conditions 

(1) at A- n/a() «n() « n/d, 

(2) a+ A — n/qi(oo ) « 9) < n/qioo ), 

Then MZ is bounded from MIS (Q?) to MKI) ^ (Qn. 


On the one hand, when 7(-), q1(-), and q»(-) in theorem 1.2 are both constant exponent, this 


results are still new. 


Corollary 1.5 Let 1 < u < oo, 0« A «€ oo, 0 « o « n, for all qi, OS Me 
n/a and 1/q2 = 1/qy —a/n. Ifat+A—n/q <n < n/q;. Then MA is bounded from MKy (Q5) 
to MS (Q7). 


For the case of A = 0 in the corollary 1.5, it reveals the boundedness of p-adic fractional 


maximal operator on grand Herz spaces. 


Corollary 1.6 Let 1 < u < œ, 0< a < n, for all qq, q2 with 1 < qı < n/a and 1/q@ = 
1/q1 — a/n. If a —n/qi <n < n/q,. Then MA is bounded from Ka *(Qn) to ko ay 


On the other hand, for the case of A = 0 in the theorem 1.2, the boundedness of the fractional 


maximal operator on grand p-adic variable Herz space is obtained and it is even new. 


Corollary 1.7 Let 1 X u « oo, 0 « o « n, for all n(-), q(), q2) € €95(Q7) with m(-) € 
P(Q) (a) < n/a, and 1/q(-) = 1/qi(-) — a/n. If n(-) is satisfying the following conditions 
(1) e - n/al-) € nC) < n/di(), 
(2) a — n/q (oo) < nC) < n/d (oo), 
Then M2 is bounded from Ke 4) (Q5) to Ko 2 (Qn). 
For the case of 7(-) be a constant exponent, this result is also even new in p-adic vector 


space. 


Corollary 1.8 Let 1 < u < oo, 0 <a < n, for all m(-), @(-) € 6'°8(Qh) with q() € 
(Q5). (qi). < n/a, and 1/q(-) = 1/a() — on. If n is satisfying the following conditions 
(1) a n/qi(-) € o « n/qi(-), 
(2) a — n/ai(oo) < n < n/qi (oo); 
and 0 < 7. Then MZ is bounded from HUC ) f(Q?) to KU 2 Y (Qn). 


Furthermore, assume that b: Q5 — Rand f : Q5 — R are measurable mappings, then the 


commutators of fractional integral operator can be defined as follows: 


(b) = (y) f) gy 


- (1.1) 
|z — yl» ^ 


[b, I5] (f) () = (ze f(x) — AOF) E) = 1 
P 

Now, we give the Lipschitz estimates for the (nonlinear) commutator of fractional integral 
operator and fractional maximal operator on the grand p-adic Herz-Morrey space with variable 


exponent. 


Theorem 1.3 Let 1<u<œ, 0<åA<%,0<a<a+8<n, and b € Ag(Q5) (0 « 8 « 
1), for all n(-), aC), a0) € € 5(Q5) with aC) € P(Q), (a). < n/(o * B), and 1/q2(-) = 
l/qi(-) — (a + B)/m. If n(-) is satisfying the following conditions 

(1) Ac a c B-n/a() € nC) « n/a), 

(2) A+ a+ B - n/a(oo) < a) eae ). 


Then fb, I] is bounded from MK ^(Qn) to MEI” es ORN 


On the one hand, when 7(-), q1(-), and q2(-) in theorem 1.3 are both constant exponent, this 


results are still new. 


Corollary 1.9 Let 1 <u «oo, 0«A «oo, 0c«a «a B «n, and b € Ag(Q5) (0« 8 « 
1), for all qı, q2 with 1 < qı < n/(o + 8) and VERI Cp ea IfAt+a+6-—n/gu < 


n < n/q,. Then fb, I5] is bounded from MKI (Q5) to MK? d (Qp). 


For the case of A = 0 in the corollary 1.9, it reveals the boundedness from the commutator 


of p-adic fractional integral operator on grand Herz spaces. 


Corollary 1.10 Let 1 <u « oo, 0<a<a+ß< n, and b € Ag(Q5) (0 « 8 « 1), for 
all qj, qo with 1 < qq < n/(o 4 B) a 1/q = pm (a+ B)/n. f o 4-8 —n/q << 
n/q,. Then [b, I4] is bounded from kp" (Q5) to ke (Qp). 


On the other hand, for the case of A = 0 in the theorem 1.3, the boundedness for the 
commutator of fractional integral operator on grand p-adic variable Herz space is obtained and 


it is even new. 


Corollary 1.11 Let 1 <u « oo, 0 « à « o 4 B « n, and b € A5(Q5) (0 « B « 1), for all 
nC), aC), e) E € *(Q^) with m(-) e (Q5), (qa) < n/(o +8), and 1/q2(-) = 1/a() — 
(a + B)/n. If n(-) is satisfying the following conditions 

(1) a+ B  n/q() € nC) < n/a C), 

(2) a+ 8 - n/a(oo) < C) « 0/9 (oo ). 


Then [b, I2] is bounded from Ke 9 (Qn) to RM 


"^ (Qn). 
For the case of n(-) be a constant exponent, this result is also even new in p-adic vector 


space. 


Corollary 1.12 Let 1 <u « oo, 0« o « a 4 B « n, and b € Ag(Q5) (0 « 8 « 1), for 
all qi(-), q2() € € *(Q7) with a(-) € P(Q), (a)+ < n/(a +8), and 1/q(-) = 1/a() - 
(a+ B) /n. If 7 is satisfying the following conditions 

(1) ac 8 n/a) « « n/a), 

(2) a+ B — n/qi(oo) € n < n/qj(co 
Then [b, I2] is bounded from m (Qn) to Le ) ° (Q7). 


According to the aforementioned theorem, naturally, we give the following result and it is 


even new. 


Theorem 1.4 Let 1 <u «oo, 0<A<%,0<a<a+8<n, and b € Ag(Q5) (0« 8 « 
1), for all n(-), a1), ax) € €5(Q2) with q() € P(Q), (a) < n/(a * 8), and 1/q2(-) = 
l/qi(-) — (a + B)/m. If n(-) is satisfying the following conditions 

(1 Aca B-n/qaC) <n) «n/d C). 

(2) Atat 8 —n/q(oo) < n(-) Sac ) 

'Then Meo is bounded from MES MS to MR uut (Qn). 


On the one hand, when 7(-), q1(-), and q2(-) in theorem 1.4 are both constant exponent, this 


results are still new. 


Corollary 1.13 Let 1 Zu «oo, 0«A «o0, 0«a « o « B « n, and b € Ag(Q5) (0 « 
B < 1), for all q1, qo with 1 < qı < n/(o + B) and 1/q2 = 1/q1 — Er If At- ac B —n/qi < 


n < n/q,. Then M7 , is bounded from MK% Pa (Q2) to MKP UM (Q7). 


For the case of A = 0 in the corollary 1.13, it reveals the boundedness for commutator of 


p-adic fractional maximal operator on grand Herz spaces. 


Corollary 1.14 Let 1 <u « oo, 0« o « o 4 B « n, and b € Ag(Q5) (0 < 8 < 1), for 
all qi, qo with 1 < qı < n/(o 4 B) - 1/q = R (a+ B)/n. f ao 4-8 —n/q <7 < 
n/q,. Then Meo i is bounded from gae (Q5) to ke (Q7). 


On the other hand, for the case of A = 0 in the theorem 1.4, the boundedness for the 
commutator of fractional maximal operator on grand p-adic variable Herz space is obtained and 


it is even new. 


Corollary 1.15 Let 1 X u « oo, 0 « a « a 4 B « n, and b € Ag(Q)) (0 « 8 « 1), for all 
nC), a). qa C) € € 5(Q7) with aC) e AQ), (m)« < n/(a + 8), and 1/q2(-) = 1/a() — 
(a+ B) /n. If n(-) is satisfying the following conditions 

(1) ac 8 -n/aC) « nC) € n/d), 

(2) a+ B - n/a(oo) < qne ). 

Then M; , is bounded from x (Qn) to KUI (Qn). 


For the case of n(-) be a constant exponent, this result is also even new in p-adic vector 


space. 


Corollary 1.16 Let 1 <u <œ, 0« o « o 4 B « n, and b € Ag(Q5) (0 « 8 < 1), for 
all qi(-), e) € € *(Q5) with a() € P(Q), (a) < n/(a +8), and 1/q2(-) = 1/a() - 
(a+ B) /n. If 7 is satisfying the following conditions 

(1) a+ 8-n/a() << n/a), 

(2) a+ B — n/a(oo) < n < n/d; (oc). 

Then Meo is bounded from Koo (Qr) to RC m) Y (Qn). 


For the case of a = 0, the following are ocn by theorem 1.4 and it is even new. 


Corollary 1.17 Let 1 < u < oo, 0 < A < oo, and b € Ag(Q5) (0 < 8 < 1), for all 
nC) aC), e) € € 5(Q5) with qC) e P(Q), (a1) < n/B, and 1/g2(-) = 1/a1() — B/n. If 
n(-) is satisfying the following conditions 

(1) A+ 8 n/a) <n) € n/a C), 

(2) A+ B — n/av(oo) < nC) < n/q (co 


). 
Then M? is bounded from MKYK ve (Q5) to MK; us (Qn), 


Theorem 1.5 Let 1 <u «oo, 0«A «oo, 0o « oc B « n, b € Ag(Q) (0 « 
B < 1), and b > 0, for all n(-), m(-), @(-) € «les (Q7) with q() € (Q5), (q)- < 
n/(o 4- B), and 1/qo(-) = 1/q(-) — (a+ B)/m. If n(-) is satisfying the following conditions 

(1) Ac oc 8—-n/a() « nC) « n/a C), 

(2) Ac ac B — n/a(oo) < a ). 


Then [b, MZ] is bounded from MKO O (QR) to MK; Eus M (Qn). 


On the one hand, when 7(-), q1(-), and q2(-) in theorem 1.5 are both constant exponent, this 


results are still new. 


Corollary 1.18 Let 1 <u «oo, 0«A «oo, 0«oa «a B «n, be Ag(Q5) (0« B « 
1), and b > 0, for all q, q2 with 1 < qı < n/(a+ 8) and dm —1/q-— e IfA+at 


B—n/qi «n «n/q;. Then [b, MA] is bounded from MKP a (Q2) to MK? py (Q7). 


For the case of A = 0 in the corollary 1.18, it reveals the boundedness for nonlinear commu- 


tator of p-adic fractional maximal operator on grand Herz spaces. 


Corollary 1.19 Let 1 < u < oo, 0 « a « a+ <n, b € Ag(Q5) (0 « 8 « 1), and b > 0, for 
all qj, qo with 1 < qı < n/(o 4- B) and d T = 1/q1 — (la+ B)/n. If a - B —n/g << 
n/q,. Then [b, M2] is bounded from kp (Q5) to ka)» (Q7). 


On the other hand, for the case of A = 0 in the theorem 1.5, the boundedness for the nonlinear 
commutator of fractional maximal operator on grand p-adic variable Herz space is obtained and 


it is even new. 


Corollary 1.20 Let 1 < u < oo, 0 « o « o B <n, b € Ag(Q5) (0 « B « 1), and b > 0, for 
all n(-), a(), ga(-) € € 5(Q5) with qi) € (Q5). (ai). < n/(a +8), and 1/q2(-) = 1/a() — 
(a + B)/n. If n(-) is satisfying the following conditions 

(1) a+ B n/a) € nC) € n/a C), 

(2) a+ B  n/a(oo) < nt) < n/qi (oo ). 

Then [b, M2] is bounded from x (Qn) to is (Qn). 


For the case of n(-) be a constant exponent, this result is also even new in p-adic vector 


space. 


Corollary 1.21 Let 1 < u < oo, 0 « o « o B <n, b € Ag(Q5) (0 « B « 1), and b > 0, for 
all qi(:), a2(-) € € ^*(Q5) with a(-) € P(Q), (am) < n/(a +8), and 1/a2() = 1/a() - 
(a+ B) /n. If 7 is satisfying the following conditions 

(1) ec 8-n/a() «n < n/d), 

(2) a+ B — n/qi(co) < n < n/q (co). 

Then [b, M2] is bounded from KTQ to RI *(Q?). 
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For the case of a = 0, the following are obtained by theorem 1.5 and it is even new. 


Corollary 1.22 Let 1 < u < oo, 0 < A < oo, b € Ag(Q5) (0 < 8 < 1), and b > 0, for all 
n), aC), ax) € @'°8(Q") with a(-) e (Q5), (qm). < n/B, and 1/qo(-) = 1/qm() — B/n. If 
n(-) is satisfying the following conditions 

(1) A+ B n/a) <n) < n/d), 

(2) A+ B — n/q(oo) < n) < n/q (co). 


Then [b, MP] is bounded from MI UR )to MK) Es 9 (QR). 


In order to introduce the oe theorem, we firstly need to introduce the p-adic version 


of sharp maximal function Mi, for a locally integrable function f on Q5, then, in[3], define that 


i uci. z 


where the supremum is taken over all p-adic balls B, (x) C Q5 and fp, (2) = Bah f B, (x) f(y)dy 
The commutator generated by Mj and b € Li. (Q5) is given by 


[b, M] C) (E) = b(w) Mp (F) (x) — Mg) (a). 


Theorem 1.6 Let 1 < u < oo, 0 < A < oo, b € Ag(Q5) (0 < 8 < 1), and b > 0, for all 
nC), aC), ae) € € 8(Q?) with a(-) e (Q7), (qi) « n/B, and 1/q2(-) = 1/q1(-) — B/n, If 
n(-) is satisfying the following conditions 

(1) A+ B - n/a) « nC) < n/d), 

(2) A+ B — n/a(oo) < nC) < n/q (00). 


Then [b, Mj] is bounded from MK Or (Qr ) to MET C ^ (Qn). 


On the one hand, when 7(-), q1(-), and q2(-) in theorem 1.6 are both constant exponent, this 


results are still new. 


Corollary 1.23 Let 1 < u < oo, 0 < A < oo, b € Ag(Q5) (0 < B < 1), and b > 0, for 
all q1, q2 with 1 <q < n and 1/qo = Um B/n. If A -- B — n/qi <1 < n/qj. Then fb, Mi 


is bounded from MKy"S (Q5) to MKYy "x (Qp). 


For the case of A = 0 in the corollary 1.23, it reveals the boundedness for nonlinear commu- 


tator of p-adic sharp maximal function on grand Herz spaces. 


Corollary 1.24 Let 1 < u < oo, b € A5(Q5) (0 < 8 < 1), and b > 0, for all qj, q2 with 1 < 
qı < a and e = 1/qı — B/n. If B — n/a < n < n/qj. Then [b, M] is bounded from 
KAO O to KG. 
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On the other hand, for the case of A = 0 in the theorem 1.5, the boundedness for the 
commutator of sharp maximal function on grand p-adic variable Herz space is obtained and it 


ls even new. 


Corollary 1.25 Let 1 < u < oo, b € Ag(Q) (0 < 8 < 1), and b > 0, for all n(-), a(-), ga(-) € 
GE(Qp) with q() € PQS), (a)« < n/B, and 1/q2(-) = 1/a() — B/n. If n(-) is satisfying 
the following conditions 

(1) 8 - n/a) « nC) « n/d C); 

(2) 8 n Hes ) < nC) < n/d, (co). 


Then [b, Mj p| is bounded from d M CoU to KP 


"(Qn). 
For the case of n(-) be a constant exponent, this result is also even new in p-adic vector 


space. 


Corollary 1.26 Let 1 < u < oo, b € As(Q5) (0 < 8 < 1), and b > 0, for all m(-), q2(-) € 
CE (QR) with q(-) € (Q5), (qı)+ < n/B, and 1/q2() = 1/m(-) — B/n. If m is satisfying the 
following conditions 

(1) 8 - n/a) € n « n/a), 

(2) 8 = n/a (oo) < n < n/d; (co). 

Then [b, Mj] is bounded from K7/)^(Qr) to KIM} (Qr). 


Throughout this paper, the letter C always takes place of a constant independent of the 
primary parameters involved and whose value may differ from line to line. In addition, we give 
some notations. Here and hereafter |E| will always denote the Haar measure of a measurable 


set E on Qp and by xg denotes the characteristic function of a measurable set E C Qr. 


2 Preliminaries 


2.1 p-adic function spaces 


Assume that 1 < q < oo, we denote L3(Q5) as the p-adic Lebesgue space, the space of all 


functions f is in the locally L4? space with finite norm 


Ils = (f ela) 


Dp 


In addition, for q = oo and denote L% (Q7) as the set of all measurable real-valued functions 


f on Q5 satisfying 


l/lze copy esssup Lf(2)| = nA > 0 : [e € Qf : IF) > Afa} < oo 
vrceQ 
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Here, if the limit exists, the integral in above equation is defined as follows: 


J ite tm If(a)|"dx = tim Y i, |f (ar) [Ade 


i ^ty00 B, (0) ^y—00 


In particular, since Q% = Vea Sy, and d(tz) = |t|pdz(t € Qp \ {0}), if f € L! (Q5), then 
-Foo 
fGs- Y. [ foy 
Q5 y=- 00 Sy 


and 


1 
- füxdx- ish. FGez)da. 


We say that a measurable function q(-) is a variable exponent if q(-) : Q5 — (0.00), the 
following definition give some notations on the p-adic variable exponent Lebesgue space, which 


are derived from [17]. 


Definition 2.1 Given a measurable function q(-) defined on Q5, we denote by 


q- :— essinfq(x), q+ := ess sup q(x). 
reQs zeQn 


(1) q = ess infregn q' (x) = I q, — ess infregn q' (a) E. 
(2) Denote by P (Qp) the set of all measurable function q(-) : Q7 — (1,00) such that 


ISq.s*00w)€*gr€o05 SEU. 


Definition 2.2 (p-adic variable exponent Lebesgue spaces) Let q(-) € (Q5). Define 


the p-adic variable exponent Lebesgue spaces LO (Qn) as follows 
LIO (QR) = (f is measurable function : .Z, (f/7) < oo for some constant 7 > 0}, 


where 


Falf) =f f(z) |" da. 


m 
p 


'The Lebesgue space LO (Qn) is a Banach function space with respect to the Luxemburg norm 


q(x) 
Ifl = inti osea m f. (EO) ae <a}, 


Next, Cortés and Rafeiro [8] introduced the following class of exponents. 
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Definition 2.3 (log —Hólder continuity) Let measurable function q(-) € 2/(Q7). 
(1) Denote by «(Qn the set of all q(-) which satisfies 


Y(a- (B4 (x)) — a4 (B,(x))) € €; 


for all y € Z and any x € Q}, where C denotes a universal constant. 
(2) The set «198 (Q7) consists of all q(-) which satisfies 


C 
log, (p + min{|z|p, |ylp}) 


la(z) — a(y)] € 


for any z, y € Q5, where C denotes a universal constant. 
(3) (see [17]) Denote by @'°8(Q”) = «e (Qn) N Ve (Q2) the set of all global log — Holder 


continuous functions q(-). 


Finally, we will introduce p-adic Herz-Morrey spaces with variable exponent and grand p-adic 


Herz-Morrey spaces with variable exponent [5, 15]. 


Definition 2.4 Assume n(-) € L*(Q5), 1 <u < oo, s() e AQ), 09» 0and0 c A « 
oo. À homogeneous p-adic Herz-Morrey spaces with variable exponent M Koo (Qn) can be 
defined by 

MKIQ (Qp) = {9 € LOG \ (03) : llellanene 


A,s(-) 


(Qn) € ©}, 
where the norm 


—kgA Jk 
ll nier (gr; sump { > pO gy alloc fe 


k=—00 
Definition 2.5 Assume 7(-) € L*(Q5), 1 € u < oo, s(-) € A(Q), 0 > 0 and d à< 
oo. A homogeneous grand p-adic Herz-Morrey spaces with variable exponent Mk) s Qn) 


can be defined by 
MK QP) = (o € Line (Q OD : llle < 9 


where the norm 


ko 


(1+€) 1 
lle (op, = —supp {eh J püOR( r9 Marl Os? JACE, 
koEzZ p EN 
e>0 
Assume A = 0, the grand Herz-Morrey spaces M Ke Doe E D FOR) then the 


grand p-adic variable Herz space is displayed as follows, the ox in ihe CRM of Euclidean 


space can be found in [9]. 
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Definition 2.6 Assume »(.) € L*(Q5), 1 < u < oo, s(.) € (Q5), 0 > 0. The homoge- 
neous grand p-adic Herz space with variable exponent x o) can be defined by 


n(-),u),8 nY.. st n. 
Ki (Q5) am ig EL O (Q7) 3 ll eno Quy) < oo}, 


where the norm 


oo 
i 1+ 1 
llle (gn; = sup {e" Y prO oy, prO T9 wor 
s(- b 


e>0 k=—o0 


The following result introduce the basic definition of p-adic Lipschitz spaces [5]. 


Definition 2.7 Assume 0<(<1. then the p-adic version of homogeneous Lipschitz spaces 
Ag(Q7) is defined by 


Ag(Q5) = (f € Lis (Q5) : IIfllagcez) < co}; 


where 
|f (x) — f(y) 
lfllagqgs) — sup | —————5—. 
z,ycQn, czy |x — ylp 


2.2 Auxiliary propositions and lemmas 


In this part we state some auxiliary propositions and lemmas which will be needed for proving 
our main theorems. And we only describe partial results we need. 


Firstly, the p-adic version of Hélder’s inequality can be obtained in [8]. 


Lemma 2.1 (Generalized Hólder's inequality on Q5) Let Q5 be an n-dimensional p- 


adic vector space. Suppose that qi(-), g2(-),7(-) € A(Q}) and r(-) satisfy = = a0 | 20 almost 
everywhere. Then there exists a positive constant C such that for all f € LuO(Qn) and g € 
Le) (QR), the inequality 


Ifall toa) < CFI raog lIla» 
holds. 


In order to prove main theorem, the following norms of characteristic functions estimates are 
derived from [10], besides, the second part can be obtained by the following part (1) and plays 


a crucial role. 


Lemma 2.2 (Norms of characteristic functions) If q(-) € etos (Qn). Tien 
MOL NM 
XB, a) lcs (Qn) «x Cpe) ; 
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where 


q(x), i0, 
qlz, y) = , 
q(oo), if y 20. 


As we all known, the following Lemma give the boundedness of fractional integral operator 


on p-adic variable exponent Lebesgue space, for exact details, we can see [10]. 


Lemma 2.3 Assume 0 < a < n, for all r(-), q(-) € €5(Q^) with r() € AQ), r4 < 
Z and 1/q(-) = 1/r(-) — a/n, then 


Te LIO = NR: 


The following result is introduced in [12], it reveals that the fractional maximal operator can 
be controlled by the fractional integral operator. 


Lemma 2.4 Let 0 < o < n, for all x € Q5, there exists a positive constant C, such that 
MAE) < CAIFE). 
The authors in [16] obtained the following Lemmas 2.5, 2.6. 


Lemma 2.5 Let 0 « 8 « 1, 0« a « o B « n. If b € Ag(Q)), then for any x € Q5, we 
have 


Mey < Cllblla, (on) Me, alf)(z). 


Lemma 2.6 Let 0 < a < n. If b € A5(Q5) and b > 0, then for any x € Q5 such that 
M2(f)(x) < oo, we obtain 


|[b, META) 6)] < M$ SG). 


Finally, the following result is obtained by the definition 2.5, we also see the proof of theorem 
3.4 in [15]. 


Lemma 2.7 v E gi) E€ D"(QIlsuseoxgo)e P(Q), 0 > 0 and Ü € A< 
œ. £f f € MR M (Qn), then, for all l € Z, there exists a constant C > 0, such that 


Il Fxill cao gn) < Cpl0710) DASS 4 ^ (Qn) 


By virtue of Lemma 2.2, we can deduce the following conclusion, which will simplify the 


proof of the main theorem. 
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Lemma 2.8 Let 0 <a < n, for all qı(-), q2() € @'°8(Q%), with qi(-) € AQ), (m)+ < 
n/a, and 1/q»(-) = 1/qi(-) — a/n, taking k,l € Z, then 


(l—k)n 


; —k 
il pal 2] Cpa, fk <0,1<0, 

TR LAL UX pa2O (Qn) IXI ra! C (gn = kn p imo 
[Br x] BOE) ~ | onda 430 7 iutk20,1«0, 

and 
in __in___jq : 

“ye panto qa) x | or^, itk <0, 120 

TID D/I.N d n AC ay = kn ^ ln . 
|Bi(a)]n ^ QI 55905) 7 | Cpa ae" ifk20,120 


Proof: We divide the proof into four cases according to the range of k, L. 
Case 1: If k, | < 0, for any fixed p-adic ball sphere Sp, 5; C Q5, using Lemma 2.2 and the 
fact 1/qo(-) = 1/q1(-) — a/n, we obtain 


1 En in (l-k)n —ko 


_k CU 
TAO [xil aoc y lll ac Oe) $ Copa phO = Cp «40 


Case 2: If k < 0, | > 0, similarly, using Lemma 2.2 and the fact 1/qo(-) = 1/q1(-) — a/n, we 


claim that 


—la 


1 qe kn =n _kn__ dn 
Bln jm IIXzll rac (Qn) jllxill rato (Qn) = < Cp In naa pues) < Cpa) q2(co) 


Case 3: If k > 0, L< 0, for any fixed p-adic ball B,(x) C Q5, using Lemma 2.2 and the 
fact 1/qo(-) = 1/q1(-) — a/n, we obtain 


in. —kn 4. In —ka 


1 ba. Efe 7 7 7 (66 7 (. 

1B (x) |n. (x m llx&l ras (Qn) all ao (Qr) ^ < Cp kn yazl) pO = Cpa ) aC) 

Case 4: If k > 0, | > 0, for any fixed p-adic ball Bj(z) C Q5, using Lemma 2.2 and the 
fact 1/qo(-) = 1/q1(-) — a/n, we obtain 


1 din | E 
[Bilala (a Yn [xil raso (Qn) all rao (Qn) ^ «x Cp "ip ag (oo) pa) < Cpa AES Qa 


Combining the cases 1, 2, 3, and 4, which implies the proof of Lemma 2.8. 


3 Proofs of the principal results 


Proof of Theorem 1.1 /ff € MESS "n PDA we can write f(z1) = Yi. uS f n)xi(a). Sup- 


pose that kg is positive, since it is Eu for ko < 0, using Minkowski’s inequality, we obtain 


u(1+e) 
—korA Jk (1+e) 
VAI apace qyy = Supp (^ Y p! ME eek ee 3 


kg €Z 


e>0 k=—00 
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ko eZ 
c0 k=—0o l=—0o 


ko u(1+e) 
7 (1+e) 
< supp ^^ (^ 5 p -)ku(1+e) ~~ a l2 Cfxi allinea 3) 


1 
u(1+e)\ ude) 


ko 
SO supp e^ e No Re) (X ILS CP) aac (92) 


kg€z a5 AR 
c0 k--—oo l=—0o 


kg EZ IpI 


e>0 k=—oo 


1 
u(1+e) u(1+e) 


k+1 u(lte)\ TOFA 
+C supp "^ | e? 3 pus ios |a e) 


ko oo 
+C supp "^ |«* `> p Tete ( y | HA fxi)xkll reso gn) 
a. k——oo l=k+2 
=: Ei + E2 + Es. 


In response to Es. On the one hand, if k > 0, 1 > 0, since n(-) € «lee (Qn), by using definition 
2.8, for zy € Sk, we have 
C C 


In(z1) — n(co)| € "NEST: Sus 


which implies pk") zz pk), thus, the situation of n(oo) can be replaced by n(z1). 
On the other hand, if k « 0, l « 0, since n(-) € «lo&(Q), by using definition 2.8, for 
zı € Sk, we have 


C 


"M in E NNNM 
In(z1) WS E 


which implies p* ^) zz pF. thus, the situation of n(0) can be replaced by (zi). 


Then by using Lemma 2.3, we obtain 


k+1 (1+e) u(1+e) 
= Csupp "^ o> pe (3 [PAZ op) 


koEZ 


e>0 pocos EL 
kil (1+e)\ uü-co 
< C supp "^ [e s piv dkua+e) ( So lifxilzao (Qn) ) 
T = = 
"u(14c) 
< C supp "^ (^ 3 p JF) fx PEF ) 
ng = 


=C|l|f CDu) (gn 
I DIS (Q2) 
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For any k € Z, l < k —2 and a.e. zy € Sy, za € Sı, then |z1 — za|p © p", by Lemma 2.1, we 
obtain 
f (22 
mixes f At 


s |21 = Zap“ 


Cpe) ; | f (22)|dza 
l 


< CE] Palapala (3.1) 


dzz 


According to Minkowski’s inequality, we obtain 


(1+€) u(1+e) 
Ej; < Csupp "^ a pace) (X `> I(x) Xkll ran (Qr) ) 


kj €Z 
oO k=—00 l=—oo 
ko (1+e) u(1+e) 
—kod | 0 ku(1 
+ Csupp P? | 8 y 7 prkulite) F IS X)Xkll 2220 (os) 
koca k=0 [——oo 
e>0 
=: Ey + EQ. 


Then using Lemma 2.8 and (3.1) 


(1+e) u(1+e) 
Ei = C sup p™> as p US (X 5 ef xi )xkll ren (Q2) ) 


ko €Z 


e>0 l=—00 


k--—oo 


TTG 3 ge (X l[xall raso gpp 


kg EZ EN as 
e>0 k=—0o [——oo 


u(1+e) Tees} 
Ihalraoaplal oap] | 


For k,l < 0, we directly consider q(-) and the fact a — n/qi(-) < n(-) < n/qi(-). Let w = 


FAO) ue n(-); then 


—1 (1+6)\ ute) 
Buccs e Y PE Otang «n | 


kg€Z = 
e>0 k=—co \l=—oo 


Now by using Fubini’s theorem, Lemma 2.1 and the estimate p~""+9 < p^", we have 


-1 
(14-6) m 
Ey, < C supp koaj e A 3 p” MUFA Abel e 2 ) 


koEZ 


e>0 k=—œ l——oo 
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k—2 


w(u e))! u(1te) 1 
x ( `> p aaa Gron ) «a9 ]a9 
l=—oo 
= (mbulite) 
=koà je (1 (1+6) w(l-k)u(lte 
=Csupp [eo M7 Y pris) | fry; laos IE 
koez k=—00 l=—00 
e>0 
k Me a (1+6) = w(l-k)u, 1 
< Csupp ^? pss pub repel lou RM p 2 quse 
ad l=- en k=142 


(1+6) 
< C supp“ koà je D» p” n(-)u(1+e) Mfrs Eee em 


«50 I-—oo 
ko 
—koA[,0 a (1+6) —— 
sorp le > p pi EU 
kg EZ laos 
e>0 


=C ne eee 
M Lueqoredtan 


Next, we need to estimate E12, by applying Minkowski’s inequality 


ko -1 (1+6)\ wate 
Ey. < Csupp "^ | e by s | > Ue Furl 


kg €Z 


e>0 b= 00 


ko h-2 u(1+e)\ ulte) 
— e Jk 
+ C supp ^^ Pn arte) ( IA GP belie) 
l=0 


Noting that the estimate Na is similar with the case of E11, namely, by substituting qi(-) for 
q,(oo) and using the condition n(-) < n/q,(oc). 


As for Ni, since n(-) < FACE by using Lemma 2.8 and (3.1), we get 


Nı < Csupp "^ 
koez 
e>0 


. » u(lt+e)\ uüce 
es n(-)ku(1+e) (X Mtl 


l=—oo 


kg €Z 
e>0 


< Csupp ^"^ 


kg eZ 
e>0 


ko EST u(1+e) xir 
< Csupp- ^^ eX p n(-)ku(1+e) ( 5 PES pA5 foa ao op) 
k=0 l=—oco 


Be sete app a s ud E R 
^ (NC 7 u(l+e 2 "t 
NS aes | y au) 


l=—oo 
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- i (1+e) u(1+e) 
< Csupp * | &* | z pao Vilis 
l 


koEzZ 
e>0 


kg €Z 


=j A (1+6)\ vato 
< C supp ^^ | e | SELCONAMTICOIPNS (Q5)? dd ; 
l 


e>0 CAEN 
Combining the condition n(-) < PAO and Lemma 2,1, which implies that 
1 


koEzZ 


—1 5 j () (14-6) u(1+e) 
= Ty EN 2 
MN, < C supp ^^ | | X quo IP) 
e>0 


l=—o0o 


=f u(1+e) 
T (i+ 
< C supp ^^ ( 0 » p” n(-)(u(1+e)) fxi e ) 


kg EZ 


e>0 ies 


1 
1+e) u(1+e) 
»' 


u( 
(u(1+e 
(n. 1 1--e)! 
" DIL nC) m 


[——oo 


ko a u(1-e) 
< C sup p ^? (^ Xop In(-)(u(1+e)) fxi s 


kg EZ 
e>0 


€ Cllfll 


l=—o0o 
MKIC : e Y^ (Qr) 


In order to estimate Es, let k € Z andl > k-- 2, for a.e.zy € Sk, z2 € Sı, then |z1 — zo|p & pl. It 
follows from Lemma 2.1 that 


US xi) a)l € 


Si EN — £2 p 
< opie”) | LF (22) idza 
Sı 
< CI falrmogp aloa (3.2) 


Splitting Es by using Minkowski’s inequality we obtain 


(1+e) u(1+e) 
= Csupp "^ | e? 5 pi kul+e) (x I&C X Pals) 


kgo€z 


c0 k——oo l=k+2 
(14€) u(1+e) 
kod | 9 ku(1 
< Csupp x pcre) (X IL Pa Pals) 
n k——oo l=k+2 
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ko P (1+e)\ wate) 
+ C sup p^ e E» uA | ` pu) 


kgo€z = 
aS l=k+2 
=: Eg + E32. 


For Es», taking d = CS) +n(-) » 0, by Lemma 2.8, (3.2), we have 


zd. 
E32 = Csupp "^| Sp PRESE (Y lE Cfxi)xell pao (o) 79] OF 


kg EZ 
e>0 k=0 l=k+2 
<Csipp ™ 2» porn Ixéll raso geb 79 
kg EZ 
S0 z k+2 


1 a co MM 
Il xill zs ogg) T ME 


ko oo í 
< Cupp? (5 POU R, 


kg €Z = 
EN k=0 l=k+2 


Similarly, we still make use of Lemma 2.1, definition 2.5 and Lemma 2.7 to obtain 


ko oo 
(1+ d(k—l)u(1+e) 
E32 < eg Seo SCS, pA) ea Jem 2 
par k=0 Il=k+2 
u € u(1+e) 
BUS Bo ge Dalu Q9) yero EET Jara 
l=k+2 
kos. DS ji Duato 
(1+€) uU E 
< Csupp "^ [? V5 V7 pOH | py oes ares 
e k=0 l=k+2 
ko oo 1 
« C sup p "^^ pde 09/2 y p'(L-*910-a-d/2) ude) MAar >, 2 M (gr) 
"T k=0 l=k+2 


The last step is obtained " the fact \ +a < d/2. 
Now for E31, again using Minkowski’s inequality we obtain 


(14-6) u(1+e) 
E31 < C sup p koà e p pra ea ^ im (fxi )xkll ren (Q2) 


koEZ 
c0 k=—00 l=k+2 


u(1+e) u(1+e) 
+ C supp *™ | ? D p PASE (cun fxi )xkll rex (gn) 


kg eZ 
e>0 fepe 
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:= Wi + Wo. 


Noting that the estimate W, is similar with the case of E32, namely, by substituting qi(-) for 
qi(co) and using the condition Ab) +n(-) » 0, thus we omit the details. 

In order to estimate W2, by virtue to the fact \+ o — n/qi(-) <n) < n/qi(-), definition 
2.5, Lemmas 2.7, 2.8, we have 


E u(1+e)\ ude) 
Wo = C sup p "^ e » pO )ku(1+e) (Si fxi palmon) 


T = = 
oo 
—kod | 0 k T 
< C supp °° ( Y pictor) (xw ES Ixell p20 ep lloa) 
koEZ kng l=0 
e>0 
u( (12-6) OE 
Il £xill reo (gp) )) ) 
u(1+e)\ uice) 
< C supp ^^ | e 3 peers) IJ UM 
ko€Z k= 5 l=0 
e>0 
kulte) ( NS, at d a 
UL € ey Cu Y 
—Csupp^" d x p" D) 
kg€z k——oo 1-0 


e>0 


< C supp ^^ 


i 
So ( 
* 
1 


oo m u(1+e) u(1+e) 
» p209 || fx; ied 


l=0 


< C supp ^ 
koEZ 
e>0 


oo (1+e) u(1+e) 
(È PO falaoa 97s ) 


l=0 


< C supp * 
kg€z 
e>0 


oo u(1-c)N uücej 
0 l(a—n()— q ate) A) 
ur | Minggon 


l=0 


The last step is obtained by the fact A+ a — n/qi(oo) < n(-). 


In summary, combining the estimates of E1, E2, E3, we can obtain 
I? -),u),@ < C :))5,u),0 
I Iure. (Qn) = DT (Qn) 


which implies the proof of theorem 1.1. 
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Proof of Theorem 1.2 For all x € Q5, by using Lemma 2.4, we obtain 
[MPE < CHIF). 
Thus by using theorem 1.1, we can obtain the proof of theorem 1.2, thus we omit the details. 


Proof of Theorem 1.3 If b € Ag(Qp), then by using (1.1), the following elementary estimate 


|[b, IP|f(a)| < | (b(x) m Po) f GL 


TL 


Q5 |z — vl» 


[F )| 
< Cljblla »[ T 
e (Q3) or |e — yl? B 


< CllbllagonlLo+ef (I, 


holds under the assumptions of theorem 1.3, by using theorem 1.1, we directly obtain the result 


of theorem 1.3, thus we omit the details. 

Proof of Theorem 1.4 For any fixed x € Q5, if b € A5(Q5), then by Lemma 2.5, we have 
M?, < Cllbllapop ME. (f) (2). 

Thus by using theorem 1.2, we can obtain the proof of theorem 1.4, thus we omit the details. 


Proof of Theorem 1.5 For any fixed x € Q5, ifb € Aa(Q5) and b > 0, then by Lemma 2.6, we 
have 


Ib, MZ] GP) (2)] < Me). 
Thus by using theorem 1.4, we can obtain the proof of theorem 1.5, thus we omit the details. 


Proof of Theorem 1.6 For any p-adic ball B (x) C Q5, by applying triangle inequality, we 
obtain 


VET] | 
(1, MALO = lse Coa f. MfG) — fastu 


o. 
yez Ba (x)|n Jp. 


a 


Ban f, yl BOL- BOEI + Gr fs — Gs cd 


1 
y€Z | B. (x h 


xl, p BEI = BOFO dy 


T 


1 
| nee | |B+(x)|n Js d m |By(z)|n jum ICM Gode 


bu) f (y) — (lf), cd] 


< 2M), f (2). 
By using Mi(f) <2M?(f), if x € Q5, then 


|[b MIENE) < 2((97 (@)) M(E) (0) + Mi QI f£) (2) + Ilol, MIAE) 
< 4((b- (x)) M'(f)(z) + M'(b- f)(z)) + 2Mp, f (2). 


In view of b > 0 and b € Ag(Q5); we only make use of the result of Corollary 1.177, it is easy to 
obtain the proof of theorem 1.6. 
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